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1. Introduction. A real valued function of a real variable is said to be a Darboux

function if it maps every connected set in its domain onto a connected set. Darboux

functions have been studied by many authors. A detailed account of such functions,

along with an extensive bibliography, can be found in the survey article [1]. An

important fact about the class of Darboux functions is that it contains many

important classes of functions, for example, the class of approximately continuous

functions as well as the classes of derivatives and approximate derivatives.

The notion of Darboux function has been generalized to transformations whose

domain and/or range are topological spaces more general than the real line. A

generalized Darboux transformation is then one which transforms each set of a

suitably chosen family sá of connected sets onto a connected set [4], [5], [8], [10],

[11], [12]. Various families sí have proved natural for different purposes. If si is

taken to be the family of all connected sets, one arrives at the notion of connected

function [4], [12]. This family, however, is too large if one desires the approxi-

mately continuous transformations or certain types of (generalized) derivatives to

be included within the class of Darboux transformations [5], [8], [11], or if one

wishes certain theorems on Darboux functions to extend to the more general

setting. For these purposes, certain smaller families sé are appropriate [5], [10],

[11]. These families consist of sets which are closures of elements of certain bases

a? of the domain space.

In this article we study a notion of Darboux transformation which includes, as

special cases, the notions considered in [5] and [11]. Our notion is similar to the

one considered in [10], except that we do not impose the blanket restriction found

in [10] that the transformations be real valued. In §§3 and 4 we consider statements

analogous to various theorems found in [2], [3], [9], [10], [13], and [14]. We show

that these analogous statements are correct in our general setting provided certain

mild restrictions are imposed on the base 38. We also give examples to show that

these restrictions cannot be dropped, where they appear, without falsifying the

statements. Finally, in §5 we show that the usual conditions which imply that a

Darboux function be continuous do not carry over to our setting, and we give a

necessary and sufficient condition that a Darboux transformation be continuous.

2. Preliminaries.   Throughout this article X will be a euclidean space, X* a

Received by the editors December 23, 1965.

(l) The article was written while the first author was under the support of NSF grant

GP 4250.

103



104 A. M. BRUCKNER AND J. B. BRUCKNER [July

separable, metric space and 38 a (topological) base for X such that every U e 38 is

connected. A transformation/mapping X into X* is said to be a Darboux trans-

formation relative to the base 38, or, briefly, Darboux (J1) provided f(U) is con-

nected in X* for every U e 3S. We note that if X and X* are the real line and 38 is

the base of all open intervals, then our notion of a Darboux (38) transformation

reduces to the ordinary notion of a Darboux function.

It is clear that iff is a Darboux transformation relative to a base 38, then/maps

every open, connected set onto a connected set. More generally, if E is any set

which can be represented as a union of closures of base elements E = [J Ua,

Ua e 38, such that for xe E and y e E there exists a finite subcollection of these

base elements, Ult..., Un withx e Ux,ye Un, and for k = 1,2,...,«— 1, Uk n Ük + 1

,£ 0, then/(£) is connected. It is easy to construct examples, however, of trans-

formations which are Darboux relative to one base, but not Darboux relative to

another. We shall sometimes require that 38 satisfy certain conditions.

Definition. A base 38 for X is said to satisfy condition (*) provided any trans-

lation of an element of 36 is in 38. The base 38 satisfies condition (**) provided for

xe X and U e 38, x g Ü, there exists Ve 38 such that xeV and F-{x}<= U.

3. A local characterization. In this section we prove a theorem which can be

interpreted as a local characterization of real valued, Darboux transformations.

Our theorem generalizes a result found in [2]. It would be of interest to know

whether such a theorem exists in case X* is not restricted to being the real line.

We mention that several candidates for such a theorem fail.

In the statement of Theorem 1, below, the expression lim infx-,X(¡(U)f(x) indicates

that the limit inferior is taken with x restricted to the set {x0} u U. A similar inter-

pretation applies to the expression lim supx^Xg(U)f(x).

Theorem 1. Let X be a euclidean space and let 38 be a base of connected sets for

X which satisfies conditions (*) and (**). Let f be a real valued function defined in

X. Then fis Darboux (38) if and only if for every x0 e X and every U e38 such that

x0 g Ü, the inclusion (lim infx^Xo{V)f(x), lim supx^Xo(U)f(x))cf(Ü) holds.

Proof. That the condition is necessary, is obvious. To prove the sufficiency of

the condition, we argue by contradiction. Suppose, then, that / satisfies the con-

dition, but is not Darboux (38). There is a U e38 such that f(U) is not connected.

Thus there is a number y such that U n {x : f(x) = y) is empty but each of the sets

A = Ü n {x : f(x)>y) and B=U n {x : f(x)<y) is not empty. Let P he the boun-

dary of A in U. We show first that the set P n U is a nonempty, dense-in-itself set

of type G6. Towards this end, we note that P is not empty, for otherwise A and B

would form a separation of the connected set U. Suppose P n U= 0. Then

P^XJ-U, and L/c A or U<=B, say U<=-A. Let b e B. Then beÜ-U. By con-

dition (**), there is a Ve38 such that b e Fand V-{b}<^ U^A. Sincef(b)<y and

f(a)>y for all aeA, the requirement that the interval (lim infx_¡,(V)/(x),

lim supx^biV)f(x)) be contained in/(F) is violated. It follows that P n Ui=- 0.
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Now suppose F n U contains an isolated point p, say p e P n A. Let F be a

neighborhood of p such that V<=- U and V' C\P = {/»}. If X is of dimension ^2,

then K—{/»} is connected and we deduce readily that V-{p}<=A or V— {p}^B.

That the first inclusion fails follows immediately from the definition of F, and that

the second inclusion is impossible follows readily from the hypothesis of the

theorem. Thus F is dense-in-itself if X is of dimension ä2. A simple argument

shows the same result holds if the dimension of X is 1.

Since F is closed and U is open, F n U is of type Gô. We have shown that F n U

is a nonempty, dense-in-itself set of type G¿.

Let PX=P n [/. Both of the sets A n Px and fin?! are dense in Px. To verify

this, suppose, for example, that A n Px fails to be dense in Px. Let V<=- U be an

open sphere centered at a point p0ePx n B such that Vn A n Px= 0. Then

A n V is open and nonempty. Let x be a point of A n K such that p(x, X— K)

>2p(x,/»„), where p is the euclidean metric of X. Choose W e3S such that xe W

<=A n V and p(IF, X— V)> p(W,p0). Let a be a point of B nearest x. It is clear

that qeV. Let Wx be a translation of W such that qeWx—Wx and WX<=A. Since

38 satisfies condition (*), Wx e 38. Finally, choose W2 e 38 such that qeW2 and

W2 — {a}^ Wx. This is possible because 38 satisfies condition (**). Now q e B while

W2-{q}<^A, contradicting the hypothesis of the theorem. Therefore A n Px (and

similarly F n Px) must be dense in Px.

We show now that if p e A n U and £>0, there is a neighborhood V of p such

that if x e V then /(x)>y—£ (with the analogous statement holding for each

p e B n Í7). Suppose the condition fails for some p e A c\ U and £ > 0. Let Vx => F2

3 ■ • • be a sequence of neighborhoods of p such that Vk e 38 for each k and

{p} = C]k=i Vk. The hypotheses of the theorem guarantee that (y-«,/(/»))c/(Ffc)

for each A\ In particular, for each k, there is a point/»fc e Kfc such that f(pk)=y. But

for /c sufficiently large, pk e U, since/» e U. This contradicts the assumption that/

does not assume the value y on the set U.

We are now ready to complete the proof of Theorem 1. Let/»! e A n Px. Choose

Vxe38 such that px e Vx, the diameter of Vx < 1, Vx c Í7, and if /» e Fj then /(/»)

> y — 1. Since B n Px is dense in F1; there is a point p2e B r\Px n Vx. Let F2 e á?

such that/»2 e V2, V2<= Vx, the diameter of V2<\, and if/» 6 F2, then/(/»)<y + \.

We continue in this manner obtaining a sequence of points {pk} and a sequence

of neighborhoods {Vk} such that for all k, the following conditions are satisfied :

Pk e ^nfi; Kt£^; Vk + x^Vk; the diameter of Kfc is less than l/k; and if/» e Kk

and /c is odd (even) then /(/»)>y- 1 ¡k (f(p)<y+l¡k, resp.). The set n™=i ^fc

consists of a single point /»0. Since Vx <^U, pae U. It follows from the definition of

the sets Vk that f(p0) = y. This contradicts the assumption that y is not assumed on U.

The proof of Theorem 1 is complete.

In the proof of Theorem 1, we made use of conditions (*) and (**). We now give

an example to show that Theorem 1 would fail if we deleted either of these

conditions.
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Example. Let X be the euclidean plane. Let / be a function defined on X and

satisfying the conditions that f(x, y)=y if y=£0, and/maps every interval of the

x-axis onto the interval ( — 00, 0). Let 3S1 be the base of all open discs «0? tangent to

the x-axis and let 382 be the base of all open squares with sides parallel to the

coordinate axes. The base 38x does not satisfy condition (*) while the base 382 does

not satisfy condition (**). It is easy to verify that / satisfies the hypotheses of

Theorem 1 relative to the bases 38x and 382 but is not Darboux (38x) nor Darboux

(382). In particular we note that (using the notation of the proof of Theorem 1)

for y=0, and for any U in 38\ (or 38^) such that U intersects the x-axis, the set P

is the intersection of U with the x-axis and P<^B (so that A n P fails to be dense

in P). It is possible to choose U e382 such that P n U= 0, i.e., so that P is entirely

contained in the boundary of U. These results should be compared with the

relevant parts of the proof of Theorem 1.

4. Darboux transformations of Baire type 1. The Darboux functions of Baire

type 1 play an important role in the theory of functions of a real variable because

many classes of functions are contained in this class. For example, the class of

approximately continuous functions, the class of derivatives and the class of

approximate derivatives are contained in the class of Darboux Baire 1 functions.

It is therefore no surprise that many authors have characterized this class. Several

such characterizations (with references) can be found in [1]. We show now that

the analogues of several of these characterizations are valid for Darboux trans-

formations of Baire type 1 which map a euclidean space X into a separable metric

space X* provided appropriate restrictions are imposed on the base 38. We begin

with a definition.

Definition. Let X be a euclidean space and 38 a base for X. A set S^X is

dense-in-itself (38) (c-dense-in-itself (38)) provided if x g S and Ue38, with xe U,

then S n U contains a point other than x (S d U has cardinality c, resp.).

The proof of the implication (iv) -> (v) of Theorem 2, below, requires a con-

dition (** + ) on the base 38 which is slightly stronger than condition (**).

Definition. The base 38 satisfies condition (** + ) provided for each Ue38,

x e Ü and £>0 there is a Ve38 such that xg F, V— {x}c U and the diameter of

V is less than e.

Each of the conditions (ii) through (vi) appearing in the statement of Theorem 2

is the analogue of a condition considered by a previous author for ordinary

Darboux functions. We provide references within the statement of the theorem.

Theorem 2. Let X be a euclidean space and X* a separable metric space. Let f

be a transformation of Baire type 1 mapping X into X*. Let 38 be a base of con-

nected sets for X. Consider the following conditions:

(i)   f is Darboux (38).

(ii)    [f(U)] - is connected for allUeSS (Ellis [3]).

(iii)   f(U) c [/([/)] - for allUe38( Young [13]).
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(iv)   If V* is open in X*, f~ \ V*) is c-dense-in-itself (38) (Zahorski [14]).

(v) If xe X, U e38, xeU, there exists a perfect set P such that xeP^U and

f\P is continuous at x (Maximoff [9]).

(vi)   If V* is open in X*,f'\V*) is dense-in-itself(38) (Zahorski [14]).

Then the following chain of implications is valid, the (*), (**) or (** + ) appearing

above the symbol '-*•' indicating that we are assuming the base satisfies conditions

(*), (**), or (** + ) respectively in that implication:

... .      (**>     .....    (*)      .. v (**+»    , . .    <*»

(i)-y (n)-y (m)-> (iv)-> (v)-> (vi)-> (ï).

7n particular, if3S satisfies conditions (*) and (** + ) all six conditions are equivalent.

Proof, (i) -> (ii). This follows immediately from the definition of Darboux

transformation.

(ii) -*■<**> (iii). Suppose/does not satisfy (iii). There exists U e 38 and xe U such

that/(x) i [/([/)]-. Let V* be a neighborhood of/(x) such that V* n [f(U)]' = 0.

Condition (**) implies the existence of a W e38 such that W—{x} <= U and xe W.

Now L/W-{x})]-c[/•(£/)]- so lf(W-{x})]~ n V*=0. On the other hand,

f(x) e V*. It follows that [f(W)]~ is not connected, so that condition (ii) is not

satisfied.

(iii) -y-™ (iv). Let V* be open in X*, let x0 ef'x(V*) and let Ue 38 be such that

x0 e Ü. Since/(t7)c[f(U)]~, there is a point xx in U such that/(xj) 6 K*. Let Vf

be a neighborhood of f(xx) such that Vf^V*, and choose We3S such that

Xi g IF and W<=- U. It follows readily from condition (iii) and condition (*) that

the set D=Wr\f'\Vf) is dense-in-itself.

Therefore the set D is perfect. Since/is a transformation of Baire type 1 and

X* is separable, f\ D, the restriction off to D, is continuous on a residual subset

of D which, of course, has cardinality c [7]. If x is such a point of relative con-

tinuity, then/(x) e Vf, because D is dense in D and f(D) <= Vf. Now D<= W^U

and Vf<^V*, from which it follows that/_1(F*) n U has cardinality c. (Thus

condition (iv) is satisfied.)

(iv) -><**+> (v). Let x0 e X, U e3S, x0eU and suppose (iv) is satisfied. Let F0*

be a sphere of radius \ about /(x0) and Wx be a base element in 38 such that

diameter ÎFi^l, Wx — {x0}cU and x0 e ÏFi. By (iv), Wx contains c points of

f~x(V*)- Since/is of Baire type 1, Wx n/-1(Ko*) is of type F„ and, having car-

dinality c, contains a perfect set Px [7]. Let xx be a point of continuity of/^ and

let Ux be a neighborhood of Xj such that Qx = Ux n Fx is perfect, x0 ^ Qx and

p(f(x)>f(xi)) <i 'f * e ôi- We proceed by induction. Suppose we have disjoint sets

Qx,---, on such that for / = 1,2,.. .,n, gi is perfect, x0$ Q„ p(x, x0)< l//ifxe Qh

and/(öt)c Vf, where F4* is a sphere of radius l/i about/(x0). The set gx u- • •

u gn is then a perfect subset of U which is a positive distance d from x0. Let

Wn + X be a base element in J1 whose diameter is less than min (d, l/(n +1)) and such
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that Wn + 1— {x0}c U and x0 g Wn + 1- The existence of IFn + 1 is guaranteed by con-

dition (** + ). The set IFn+1 n/_1(F*+2) has cardinality c. As before, it contains

a perfect subset Qn+1 such that x0 £ gn + 1, /(ß„+1)c F*+1 and gn + 1 lies in the

sphere of radius l/(«+1) centered at x0.

Now let Q = (Jn=x on u {-^o}- It is easily verified that g is perfect and that

/| g is continuous at x0. Thus, condition (v) is satisfied.

(v) -> (vi). This is obvious.

(vi) ->-(*) (i). The proof of this part is similar to the proof of Theorem 1, so we

outline the proof, omitting details. Suppose / satisfies condition (vi) but is not

Darboux (38). There exists Ue38 such that f(U) is not connected. Let f(U) = A*

u B*, where A* and B* are disjoint, nonempty, relatively open subsets of f(U).

Let A = Ur\f-\A*), B= Ü nf~\B*) and let P be the boundary of A in Ü. As in

the proof of Theorem 1, we show Px =P n U is a nonempty dense-in-itself set of

type Gó. (We do not need condition (**) in this proof, however!) Using condition

(*) (again, condition (**) is not required) we can show that the sets A n P1 and

B o Px are dense in Px. But Px is of type Gb and/is of Baire type 1, from which it

follows that/IP], has a point of continuity [7, p. 326]. In view of the definitions

of A and B, and the fact that A n Px and B n Px are dense in Fl5 this is impossible.

A contradiction has been established. Thus/is Darboux (38).

The proof of Theorem 2 is now complete.

Remark 1. Condition (**) cannot be dropped from the implication (ii) -><**> (hi)

(see the example of §5) nor can condition (*) be dropped from the implication

(vi) -V*> (i). To see this, let 38 be the base of open discs not tangent to the x-axis

of the euclidean plane and let / be the characteristic function of the closed upper

half plane. To verify that (*) cannot be dropped from (iii) ->(*> (iv) we consider the

base 38 of all open discs not having the origin as a boundary point and then let/

be the characteristic function of the origin. Finally we give an example to show that

(** + ) cannot be dropped from (iv) ->■<**+> (v) even if 38 satisfies (*) and (**).

Let X be the euclidean plane furnished with the usual coordinate system. Let

Tx be the open, triangular region with vertices (0, 0), ( - 2, 4), and (2, 4) and F2 the

open, triangular region with vertices (0,0), (—1,3), and (1,3). Let / be a real

valued function such that / vanishes on T2, has value 1 on the complement of Tx

and is continuous at every point except the origin. Let 38 be the base consistency

of all open discs and the family of all triangular regions Sn with vertices (0, 0),

(-1/«, 5 + 1/«) and (1/«, 5 + 1/«) for «= 1, 2,... and all translations of this family

of triangles.

It is easy to verify that this base satisfies conditions (*) and (**) but not con-

dition (** + ), and that / satisfies hypothesis (iv) but not hypothesis (v) (consider

for example the base element Si with x0 the origin). The difficulty, of course, lies

in the artificial manner in which this base was concocted. The base of open discs

causes no trouble with either hypothesis (iv) or (v) but offers no help in over-

coming the difficulties caused by the collection of triangular regions in @t.
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Remark 2. Condition (v) provides a continuity theorem for Baire 1 transforma-

tions which are Darboux relative to a base satisfying conditions (*) and (** + ).

To arrive at this continuity condition, we first note that a transformation/of Baire

type 1 has the property of Baire on every perfect set [7, pp. 306, 307]; that is, if g

is a perfect set in the domain of/ then there is a set R, residual in g, such that

f\R is continuous. Such a set R contains a perfect set S, and/|S is continuous.

Consider now the sets g¡, i = 1,2,... which appeared in the proof of (iv) -><** + > (v)

above. For each i, let S¡ be a perfect subset of g¡ such that/|S¡ is continuous. The

set F={x0} u (U™=i $) is tnen a perfect set containing x0 such that/|F is con-

tinuous. We state this result as a corollary.

Corollary. If 38 is a base for the euclidean space X and 38 satisfies conditions

(*) and (** + ), then any Darboux (38) transformation of Baire type 1 from X to a

separable metric space X* has the property that if x0 g X, U e 38 and x0 e U, there

exists a perfect set P such that x0eP<=U andf\P is continuous.

Remark 3. We need not assume that X* is separable in the statement of Theorem

2, if we assume the continuum hypothesis. For in that case, the separability of the

set /(X) follows from the assumption that / is a Baire function [7, p. 305]. The

proof of Theorem 2, with X* replaced by f(X) goes through without further change.

Remark 4. In their study of approximately continuous transformations, Goff-

man and Waterman [5] showed, in our language, that every approximately con-

tinuous transformation of a euclidean space X into a separable metric space X*,

is of Baire type 1 and is Darboux (38) where 38 is the base of those connected sets

U with the property that if x0 g U, then x0 is a point of positive, upper metric

density of U. It is clear that 38 satisfies condition (*). Now, an approximately con-

tinuous transformation / is one with the property that if V* is open in X*, then

every point in/_1(F*) is a point of density of/_1(F*). Thus their result can be

stated as follows: Suppose / has the property that for any open V*<=-X*, if

x0 g/_1(F*), U e 38 and x0 e U, then U n/-1(F*) has positive upper density at

x0. Then f(U) is connected for every U e 38, where 38 is the base described above.

Our result (vi) -*■* (i), relative to the base 38, shows that it is sufficient that/have

the property f~\ V*) n U contain a single point different from x0. This distinction

is analogous to Zahorski's results [14] concerning approximately continuous

functions and Darboux, Baire 1 functions (of a real variable).

5. Darboux transformations and continuity. A Darboux function of a real

variable can be everywhere discontinuous and even nonmeasurable. However, it

is easily verified that iff is a Darboux function and/_1(x*) is closed for each

x* ef(X), then/must be continuous. The corresponding statement for Darboux

transformations is not valid, even under much stronger hypotheses. In this section

we give an example of a one-to-one Darboux transformation of Baire type 1 which

is not continuous, and then provide a necessary and sufficient condition for a

Darboux transformation to be continuous.
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Example. Let X= X* be the euclidean plane, furnished with the usual coordi-

nate system. Let/be defined by

/Tv  ,A - / (*' Sin OM+J')     if x * °>
J(,y)~\(x,y)   ifx = 0.

It is easy to verify that / is a one-to-one transformation of Baire type 1 which

maps A'onto X*, that/is discontinuous on Y={(x, y) : x = 0}, and that/is Dar-

boux relative to the base of open disks. (Actually, it can be verified that both /

and f'1 are of Baire type 1 and are Darboux relative to the base of all open

connected sets.)

As we mentioned in Remark 1 following the proof of Theorem 2, this example

also shows that condition (ii) of Theorem 2 does not imply condition (iii) if con-

dition (**) is dropped. We first observe that the base of all open, connected sets

in the euclidean plane does not satisfy condition (**). For example, an appro-

priately chosen "thin band" about the set {(x,y) : y= -sin (1/x), 0<x< 1}

defines a connected, open set U such that the origin is in U— U, but there is no

set V as guaranteed by condition (**). Now let/be the function of the example

above. The set/(i/) is then a "thin" band about the interval 0<x< 1 of the x-axis,

lf(U)]' n y={(0, 0)}, where Y is the .y-axis. But Ü contains the set Z={(x,y):

- 1 <y< 1} n Y, and since f\ Y is the identity function, f(U) contains Z. Thus

f(U)<t[f(U)]~- Hence condition (ii) is satisfied, but condition (iii) is not.

We turn now to our continuity theorem.

Theorem 3. Let X be a euclidean space and X* a locally compact, metric space.

Let 38 be a base of connected sets for X and let f be a Darboux (38) transformation of

X into X*. A necessary and sufficient condition that f be continuous is that ifT* is

the boundary of any sphere whose center is not an isolated point of X*, thenf~x(T*)

is closed.

Proof. The necessity is obvious.

Suppose, now, that /is Darboux (38), but discontinuous at x0. Let {Uk}, k=l,

2,..., be the sequence of open spheres centered at x0 and such that the radius of

Uk is 1 ¡k. Since each Uk is a connected, open set and / is Darboux (38), the sets

f(Uk) are connected. (Recall that a transformation which is Darboux relative to

any base transforms every open, connected set onto a connected set.)

Let XZ be X* if X* is compact, and the one point compactification of X* if

X* is not compact. The sets [f(Uk)]~ are then compact, connected subsets of XZ;

thus the same is true of the set K* = (~)k = x [f(Uk)]' [6, p. 163]. The set K* contains

x*=f(x0)- Since/is discontinuous at x0, K* also contains another point .of X£.

But since K* is connected, there is a point x* e K* n X*, x*^xjf (because the set

consisting of only x£ and the "point at infinity," if X* is not compact, is not con-

nected in X£). It is clear that neither xj nor x* can be isolated in X*. Suppose

S* is an open sphere centered at x*, of radius less than p(x^, x*), such that T*, the
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boundary of S*, contains a point of X*. Let A: be a positive integer; then

x* e [f(Uk)]~. Furthermore, f(Uk) contains x* as well as points of S*. It follows

that f(Uk) n T* is not empty (otherwise f(Uk) n S* and f(Uk) n (^*-S*) would

effect a separation of f(Uk)). Therefore Uk n/_1(F*)^ 0. Since this is true for

every k=l,2,..., and x0 ^/_1(F*), we conclude/_1(F*) is not closed.

The proof of Theorem 3 is now complete.

Under suitable restrictions on X*, the family of boundaries of spheres can be

replaced by other families. For example, if X* is an «-dimensional euclidean space,

then a Darboux transformation / into X*, having the property that/_1(F*) is

closed for every (n — l)-dimensional hyperplane F* perpendicular to a coordinate

axis, is continuous. There is no essential change in the proof. In particular, for a

real valued, Darboux function / defined on a euclidean space X, one need only

know that/_1(x*) is closed for each x* ef(X) in order to be able to infer that the

function is continuous. This is a direct extension of the theorem, mentioned at the

beginning of this section, for real valued functions of a real variable.
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